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I. INTRODUCTION

It might be thought that computer-in-
tensive procedures were invented after the
introduction of mainframe computers in the
early 1950s or desktop computers in the
early 1980s. For the most part, this is not so.
Most of the statistical procedures to be dis-
cussed were invented in the 1930s and only

one — bootstrapping — in the last 50 years.
For instance, R.A. Fisher described his ex-
act test for 2 × 2 tables in the first edition of
his The Design of Experiments, published in
1935, in connection with the now-famous
“thought” experiment about the lady who
claimed she could tell whether milk or tea
had been added first to a cup.1 This test
requires the tedious calculation of factori-
als, but tables of these for numbers up to

C
ri

tic
al

 R
ev

ie
w

s 
in

 B
io

ch
em

is
tr

y 
an

d 
M

ol
ec

ul
ar

 B
io

lo
gy

 D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
ah

ea
lth

ca
re

.c
om

 b
y 

89
.1

63
.3

4.
13

6 
on

 0
1/

05
/1

2
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y.



340

300 were provided in 1938 by Fisher and
Yates.2 Fisher also described in the first
edition of The Design of Experiments an
exact permutation test for the difference
between paired means. This involved calcu-
lating no fewer than 32,768 possible permu-
tations of the difference. Fisher did not get
the outcome exactly right in the first edi-
tion, but in the second edition, published
two years later, he did. An achievement at
least as remarkable was made by Eden and
Yates in 1933, when they analyzed a ran-
domized block experiment by permutation.3

The number of possible permutations was
24,8 but Eden and Yates overcame the com-
putational challenge by an ingenious Monte
Carlo pseudo-random sampling technique
in which they used cards. Fisher also intro-
duced the notion of maximum-likelihood
estimation in the 1930s. Even bootstrapping,
a concept described formally by Efron in
1979 that is perhaps the most computer-
intensive procedure imaginable,4 could be
executed by hand, though less than opti-
mally.

The foregoing supports the point that
the near-universal availability of fast
computers on desktops and laps is a con-
venience rather than a necessity. How-
ever, it must be admitted that they are
very, very convenient. For instance, it
took Fisher two years to correctly ex-
ecute his permutation test on the same
set of data it took me 0.33 seconds to
execute on my desktop!

This leads to my issuing a word of warn-
ing. Almost every biomedical investigator
has access to very powerful computers and
can afford sophisticated statistical software.
However, this has led to a reliance on the
software manuals and “Help” files for se-
lecting the appropriate statistical procedures
to analyze one’s data, and to faith that the
software will execute these procedures cor-
rectly. Neither of these assumptions is jus-
tified. Biomedical investigators continue to

choose inappropriate statistical procedures
to analyze their data. There is ample evi-
dence that software manuals (and even some
well-known statistical texts) can be an unre-
liable source of advice when choosing the
appropriate test, and the statistical software
may sometimes execute tests incorrectly.5

The computer-intensive tests to be dis-
cussed reflect to some extent the prefer-
ences and prejudices of the author. The list
of tests is also restricted to those that might
be of interest to pharmacologists, whether
those whose research is conducted in the
laboratory or those whose field is clinical
pharmacology. A final point is that bio-
medical investigators in general, and phar-
macologists in particular, employ very
small groups in their experiments.6 This
fact, plus the rarity with which random
sampling is used compared with random-
ized designs in biomedical research, pro-
vide strong arguments in favour of using
exact tests of significance rather than those
based on assumptions about population
distributions. Computer-intensive proce-
dures, including those described as exact,
compile an empirical sampling distribu-
tion that is specific to the particular dataset
and against which the observed outcome
of the experiment, or the observed test sta-
tistic, is matched.

II. A NOTE ON INFERENCE

A. The Classical Population
Model

This has been the main basis for statis-
tical theory over the past 70 years.7,8 It de-
pends on the assumption that the experi-
mental groups have been acquired by random
sampling of defined (though not necessarily
accessible) populations. The sample sizes
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are very small compared with the size of the
populations. Significance testing proceeds
as follows. A population parameter of inter-
est is selected, such as the mean, or the
difference between means; the variance, or
the variance ratio; or the difference between,
or ratio of, proportions. The corresponding
sample statistic is then calculated. A further
assumption is then made about the distribu-
tion of the sample statistic in the population
(for instance, according to the normal, t, F,
or chi-squared distributions). A null hypoth-
esis is then formulated. In its general form,
this hypothesis states that the two or more
random samples have been drawn from the
same population. Somewhat more specifi-
cally, it may propose that the samples have
been taken from populations with equal
means, or equal variances, or equal propor-
tions. The next step is to conduct an appro-
priate test of significance for the null hy-
pothesis, such as Student’s t test, Fisher’s F
test (analysis of variance), or one or another
formulation of Pearson’s χ2 test. It is also
necessary to set the desired level of signifi-
cance. Traditionally, this is the 5% level
(P ≤ 0.05). What the 5% level of signifi-
cance is intended to mean is that if a large
(infinite) number of random samples were
to be taken from the population(s) actually
sampled in the experiment, with replace-
ment, then in not more than one sample in
20 would the statistic of interest be equaled
or exceeded. Hence the convention of ex-
pressing the level of significance as P ≤
0.05.

This lengthy and complex description
of the classical, population, model of sig-
nificance is given so as to be able to point
out the difficulties with it in the setting of
biomedical and pharmacological research.
The fact is that investigators in these fields
never, or almost never, fulfill even the
first assumption. That is, they do not take
random samples from defined popula-
tions.6

B. The Randomization Model of
Inference

Fisher first introduced the notion of ran-
domization in experimental design in 1936.9

However, the randomization model of in-
ference has not been nearly as well defined
and debated by statisticians as the classical,
population, model. It is hard to avoid con-
cluding that this is because mathematical
statisticians find that there is little opportu-
nity to exercise their skills on this model.
Nevertheless, there have been statisticians
who have spoken out in favor of it, espe-
cially Otto Kempthorne and George Box.10-13

There have also been biomedical experi-
menters who have written in favor of it.6,14,15

Under this model, it is supposed that a non-
random sample of experimental units (hu-
mans, animals, tissues, or cells) has been
acquired. The members of this sample are
then allocated at random to two or more
conditions or treatment regimens. “Condi-
tion” could mean, for instance, rest or exer-
cise, normovolaemia or hypovolaemia; and
“treatment” could mean active treatment or
placebo, a new treatment or an established
treatment. These options are familiar to bio-
medical and pharmacological researchers.
The experiment is then performed, and the
results analyzed. The null hypothesis is no
more than that the conditions or treatments
have no differential effects on the groups
with respect to a statistic such as the mean,
proportion, or odds. There is no reference to
a population and therefore no assumption
is, or can be, made about the frequency-
distribution of the population parameter
corresponding to the statistic of interest.
Instead, an empirical and unique sampling
distribution of the statistic of interest is com-
piled by techniques such as permutation (see
later). The P value is the frequency with
which values of the statistic are equal to, or
more extreme than, the experimentally de-
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termined value occurring in the empirical
distribution. The statistical inference refers
only to the nonrandom sample that was ran-
domized, and not to any theoretical more
general population. Biological inferences
beyond those made from the experiment
can be made only by nonstatistical argu-
ments about how representative the original
nonrandom sample was.

III. ANALYSIS OF TABLES OF
FREQUENCY BY EXACT
METHODS

This section is concerned with computer-
intensive or “exact” techniques for analyz-
ing tables of frequencies. An excellent el-
ementary account of some of these is given
by Siegel and Castellan,16 and a more ad-
vanced account by Agresti.17 This seems a
good place at which to start any essay on
computer-intensive statistical methods be-
cause the concept of an exact test is rela-
tively simple. The older and more conven-
tional methods for analyzing tables of
frequencies depend on tests based on the
chi-squared or normal distributions. These
are approximate or asymptotic tests of sig-
nificance that are reasonably accurate for
2 × 2 tables in which the cell frequencies are
large. They are notably inaccurate when the
cell frequencies are small. They have been,
or should be, replaced by tests that are based
on the exact sampling distributions for spe-
cific tables.

A. Analysis of 2 ××××× 2 Tables

Two-by-two tables (that is, 2 columns,
2 rows, sometimes called four-fold tables),
are the simplest way of tabulating frequen-
cies. A stereotype 2 × 2 table is shown in

Table 1. The dataset that will be used as an
example is in Table 2.18

The asymptotic Pearson χ2 test. This
is the oldest method for analyzing tables of
frequencies. Karl Pearson described the chi-
squared distribution in 1900,19 though it
was not until R.A. Fisher described the
correct degrees of freedom in 1922 that the
χ2 statistic could be used as a practical test
of significance.20 It is usually described as
testing for goodness of fit: that is, for iden-
tity of observed and expected frequencies.
However, one should, whether fairly or
not, regard Pearson’s χ2 test as of histori-
cal interest only. It is sufficient to cite
Yates’ recognition of its inaccuracy in his
paper of 1934, when he prescribed his cor-
rection for continuity and controlled its
efficacy by comparing outcomes with those
of the Fisher exact test,21 or to cite
Cochran’s paper of 1954 in which he sug-
gested complex rules based on expected
cell frequencies for defining the limits of
cell frequencies for 2 × 2 and r × c tables
below which the Pearson χ2 test is un-
safe.22 Yet some biomedical investigators
still analyze their results with this test.
However, the Pearson χ2 statistic can also
be used in an exact test (see later).

The Fisher exact test. As indicated ear-
lier, Fisher described this technique for ana-
lyzing 2 ×  2 tables in 1935 in his The Design
of Experiments.1 It depends on constructing
the hypergeometric distribution for all pos-
sible tables having the same marginal totals
as the observed table. For any given table,
and using the notation of Table 1, the prob-
ability of occurrence of the entries in the
table is given by the formula:

where ! indicates factorial.
All possible probabilities of occurrence

for the example in Table 2 are given in
Table 3.

Pr
( )( )( )( )

! ! ! ! !
= + + + +a b c d a c b d

N a b c d
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Table 1
Stereotype 2 ××××× 2 Table of Frequencies

Column 1 Column 2 Total

Row 1 a b (a + b)
Row 2 c d (c + d)

Total (a + c) (b + d) N

Note: The convention is to describe Rows as r1, r2, and so forth, and Columns as c1, c2, and so forth.
It is usual to regard Columns as treatment groups, Rows as the outcomes of treatment.

Table 2
Example of a 2 ××××× 2 Table after Davis 18

Group A Group B Total

Dead 3  2  5
Alive 6 19 25

Total 9 21 30

Note: For the purpose of discussion, assume that the investigators have acquired a nonrandom
sample of 30 experimental units (humans, animals, tissues, cells). By a process of restricted
randomization, they have assigned 9 to treatment Group A, 21 to treatment Group B. The
outcomes of treatment are given by the Rows.

Table 3
List of All Possible 2 ××××× 2 Tables Resulting from Example in Table 6.2, Given Fixed
Marginal Totals

Tables Test Statistics
Hypergeometric

r1c1 r2c1 r1c2 r2c2 Pr Exact χχχχχ2 Exact G 2 Exact lnOR

5 4 0 21 0.00008842* 14.00* 14.67* ∝ *
4 5 1 20 0.018568* 7.14* 6.63* 2.77*
3 6 2 19 0.12378* 2.57* 2.37* 1.56*
2 7 3 18 0.33599 0.29 0.27 0.54
1 8 4 17 0.37798 0.29 0.30 0.63
0 9 5 16 0.14279 2.57* 3.98* ∝ *

Total Pr for table: 1.0000

Note: The example is from Davis18. The observed table is in bold. * indicates a value that is ≥ that
observed in either direction. For the Fisher test, two-sided P is the sum of hypergeometric
probabilities (Pr) that are equal to or less than that observed in both directions. For the exact
χ2, G2, and lnOR tests, two-sided P is the sum of the hypergeometric probabilities corresponding
to tables in which the test statistic is equal to or greater than that for the observed table, in both
directions.
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The null hypothesis for the Fisher test is
rather vague. It is effectively that the cell
frequencies in the observed table are dis-
posed at random. The hypothesis is tested
by summing the observed hypergeometric
probabilities (Pr) with all more extreme
(smaller) values of Pr (Table 3). If the sum-
mation is done unidirectionally, the test is
one-sided. If a two-sided test is preferred
(as it almost always should be), both tails of
the distribution of Pr are summed to arrive
at P values (Tables 3 and 4).

The Fisher test can be executed by means
of a handheld calculator, but even for the
example of Table 2 it is a tedious process.
By means of a computer, the test can be
performed on even the largest 2 × 2 table in
a matter of milliseconds.

The odds ratio (OR). This is defined as:

The null hypothesis is that OR = 1, a rela-
tively specific one.

Its asymptotic form makes use of the
fact that lnOR (the natural logarithm of OR)
is distributed approximately as the normal
distribution. However, as with the Pearson
test, this approximation is poor when cell

sizes are small. There is an exact form of the
test that depends on calculating lnOR for all
2 × 2 tables with the same marginal totals as
those observed. P for the null hypothesis is
obtained by summing the probabilities from
the hypergeometric distribution that corre-
spond to values for lnOR equal to or greater
than that observed (Tables 3, 4). One-sided
values for P are obtained by summing in
one direction, the preferred two-sided P by
summing both tails.

The exact χ2 test. The logical basis for
this is similar to that of the odds ratio test.
The χ2 statistic is calculated for all 2 × 2
tables with the same marginal totals as those
observed. P for the null hypothesis is ob-
tained by summing the probabilities from
the hypergeometric distribution that corre-
spond to values for χ2 equal to or greater
than that observed (Table 3). One-sided
values for P are obtained by summing in
one direction, the preferred two-sided P by
summing both tails.

Likelihood ratio. The log-likelihood sta-
tistic, sometimes called G or G2, is described
well by Sokal and Rohlf.23 The G2 statistic
is distributed asymptotically and approxi-
mately according to the chi-squared distri-
bution. It is usually used for log-linear mod-

Table 4
Outcomes of Significance (Hypothesis) Testing on the Example of Table 2

Exact P Values Asymptotic P Values
Test 1-Sided 2-Sided 1-Sided 2-Sided

Pearson χ2 0.143 0.286 0.0544 0.109
Yates χ2 NA NA 0.143 0.285
Fisher exact 0.143 0.143 NA NA
Odds ratio 0.143 0.286 0.0544 0.109
Likelihood ratio 0.143 0.286 0.0619 0.124
Relative risk (ratio of proportions) NA 1.000 NA 0.115*

0.109*
Difference of proportions NA 0.260 NA 0.161
Permutation test on proportions 0.143 0.286 NA NA
(difference between proportions)

Note: P values from StatXact 3.1 (Cytel Software Corporation, Cambridge MA). * using two different
formulae. NA, not applicable.

OR = a c

b d
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eling, and for testing the independence of
three-way or multiway tables of frequency.23

However, it can be used to evaluate single
2 × 2 tables under a null hypothesis involv-
ing goodness of fit that is as vague as that
for the Pearson test. There is an exact form
of the log-likelihood ratio test. The G2 sta-
tistic is calculated for all 2 × 2 tables with
the same marginal totals as those observed.
P for the null hypothesis is obtained by
summing the probabilities from the hyper-
geometric distribution that correspond to
values for G2 equal to or greater than that
observed (Tables 3, 4). One-sided values
for P are obtained by summing in one direc-
tion, the preferred two-sided P by summing
both tails.

Ratio of, or differences between, pro-
portions. At first sight it is appealing to use
the ratio of proportions (often called rela-
tive risk or RR), or the arithmetic difference
between proportions (ρ1 – ρ2), to test null
hypotheses such as RR = 1, or ρ1 = ρ2.
These are concepts that biomedical investi-
gators feel comfortable with. There are,
however, considerable difficulties in doing
this, whether by asymptotic or exact tech-
niques. There are algorithms for doing this
asymptotically,17 but they are not regarded
as altogether satisfactory. There are also
algorithms for conducting these tests ex-
actly,17 but these are not merely computer-
intensive, but also difficult to interpret. In
short, there is not much enthusiasm for us-
ing proportions.

There is, however, another way of look-
ing at the difference between proportions
that seems to get round the difficulties re-
ferred to above. First, set out the experi-
mental data as a rectangular file, identify-
ing groups (1, 2) and the outcomes as, for
instance, 1 = dead, 2 = alive. Then the
proportion for each group coincides with
the mean value. Then a permutation test
for equality of group means (see below) is
identical to a test for equality of propor-

tions. The outcome of such a test is given
in Table 4.

Summary. The following points can be
made about the analysis of 2 × 2 tables:

1. Nowadays, it is almost impossible to
make a case for using anything other
than exact, computer-intensive tech-
niques for analysing 2 × 2 tables. As-
ymptotic methods that involve approxi-
mations to the chi-squared or normal
distributions are almost invariably too
liberal: that is, the resultant P value is
too small and the Type 1 error rate
inflated beyond that specified. The only
possible exception is to use Yates’
continuity correction to the Pearson
asymptotic χ2 test. This usually gives a
somewhat more conservative outcome
than the Fisher exact test, which it was
designed to simulate.21

2. Which of the exact techniques is to be
preferred? The exact form of Pearson’s
χ2 test, the Fisher exact test, and the
exact log-likelihood ratio have the
weakness that the null hypothesis is
rather vague. The tests have been de-
scribed in terms of “goodness of fit” or
“independence of rows and columns.”
They do not test for equality of propor-
tions, though this is a not uncommon
misapprehension. There are exact tests
for equality of proportions: the rela-
tive risk (RR, or ratio of proportions)
and the difference between proportions,
the null hypotheses being quite spe-
cific. That is, they are that RR = 1 and
ρ1 – ρ2 = 0. However, the algorithms
for executing these tests exactly are
unconditional: that is, it is assumed
that neither the column nor the row
marginal totals are fixed in advance.
This can lead to some rather curious
results (Table 4). The author believes
that the best option is the test on odds
ratios where the null hypothesis is OR
= 1. The algorithm is a conditional
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one, the specific condition being that
the column marginal totals are fixed in
advance by the design of the experi-
ment. When columns indicate groups
and rows indicate outcomes, this con-
ditioning is in accord with the usual
experimental design, when group sizes
(column totals) are determined in ad-
vance by the investigators. A neglected,
but apparently valid way of testing for
equality of proportions is to use a per-
mutation test.

3. In the author’s view, two-sided tests
should be the norm in biomedical re-
search in general, and pharmacologi-
cal research in particular. However, it
is worth noting that whereas the Fisher
exact test, the Pearson exact test, and
the exact tests on the odds ratio and
log-likelihood ratio always result in
identical one-sided values of P, the
two-sided P value from the Fisher test
is often less than that for the others
(Tables 3, 4).18

B. 2 ××××× c Tables of Frequencies

The advantages of exact, computer-in-
tensive tests over asymptotic tests are rather
less as the number of rows and columns
increases. Nevertheless, exact tests are al-
ways more accurate, especially if the ex-
pected frequencies in some cells are small.17

The example used in this section was de-
scribed by Cochran.22

Pearson’s χ2 and log-likelihood tests
for independence of rows and columns.
These can be executed in the familiar, as-
ymptotic form or in an exact form. Out-
comes from the example are given in Table
5, and are very similar.

Fisher-Freeman-Halton exact test. This
extends the Fisher exact test to 2 × c tables.24

The outcome for the example is given in
Table 5.

Cochran-Armitage test for ordered 2 ¥
c tables. Almost simultaneously, Cochran
and Armitage described an asymptotic
method of partitioning the χ2 statistic in the
case of 2 × c tables when the columns rep-
resent a variable that increases (or reduces)
in a linear fashion.22,25 Genuine linearity is
not necessary, and rarely occurs with cat-
egorical variables, but monotonicity is es-
sential. The test can be executed in either an
asymptotic or exact form. Its value is illus-
trated by the example (Table 5). If the col-
umns are regarded as in no particular order
so that the null hypothesis is merely one of
independence of rows and columns, P from
the above tests ranges between 0.139 and
0.144. However, if the columns represent a
monotonically ascending order (as was the
case in Cochran’s example), P from the
asymptotic or exact forms of the Cochran-
Armitage test are 0.010 and 0.011, respec-
tively. The null hypothesis is, of course,
different: expressed in a two-sided fashion
it is that there is no monotonic change in the
proportions according to columns.

Summary. The following points can be
made about the analysis of 2 × c tables:

1. For unordered 2 × c tables, the Fisher-
Freeman-Halton exact test is to be pre-
ferred.

2. For ordered 2 × c tables, the exact
form of the Cochran-Armitage is the
procedure of choice.

C. Unordered r ××××× c Tables of
Frequencies

When there are more than two rows in
an r × c table, the null hypothesis is of
necessity quite nonspecific. It is merely that
there is no association (interaction) between
rows and columns. In tables such as these,
the advantage of exact over asymptotic tests
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is less obvious, unless there are several cells
in the table with low expected frequencies.
The tests available are as follows.

Pearson χ2 test, asymptotic or exact
versions. Log-likelihood ratio test, asymp-
totic or exact. The properties of these have
already been described under 2 × c tables.

Fisher-Freeman-Halton exact test. This
has the same properties as for 2 × c tables.

Summary. For unordered r × c tables,
there is really little choice but to use the
exact Fisher-Freeman-Halton test.

IV. PERMUTATION
(RANDOMIZATION) TESTS

As indicated earlier, the idea of permu-
tation tests goes back to Fisher, and Eden

and Yates in the 1930s. There are now ex-
cellent books on this topic, in particular
Edgington15 and Manly.26 These two books
deal with permutation tests in the context of
the randomization model of inference, and
are directed towards investigators in the
biological and biomedical sciences. Other
books deal with the topic of computer-in-
tensive tests in a more pragmatic fashion,
without being based on explicit models of
inference.27,28 There is also an article that
deals with these tests in the setting of bio-
medical research.6

The logic that underlies these tests is
remarkably simple, and falls within the
framework of the randomization model of
inference. That is, the null hypothesis is that
there is no differential effect of treatments
on the randomized groups. The goal is to
compile the permutation (randomization)

Table 5
Example of a 2 ××××× c Table of Frequencies from Cochran 22

Skin Infiltration Col 1 Col 2 Col 3 Col 4 Col 5 Total

Extensive  1 13 16 15  7  52
Slight 11 53 42 27 11 144

Total 12 66 58 42 18 196

Note: The table summarizes observations on lepers undergoing treatment with sulphones and strep-
tomycin. The rows indicate the severity of skin infiltration before treatment. The columns indicate
the clinical responses to treatment.

If the clinical responses are in no particular order, the outcomes of appropriate tests in terms
of P values are:

Asymptotic Pearson χ2 test 0.142
Exact Pearson χ2 test 0.142
Asymptotic log-likelihood ratio test 0.123
Exact log-likelihood ratio test 0.139
Fisher-Freeman-Halton exact test 0.144

However, in reality the columns are in monotonic ascending order in terms of clinical
response: 1 = Worse. 2 = Unchanged. 3= Slight improvement. 4 = Moderate improvement. 5 =
Marked improvement. If the goal is to test for an association between the initial skin condition
and the effect of treatment, then the Cochran-Armitage test is the appropriate one. The outcome
is:

Asymptotic Cochran-Armitage test 0.010
Exact Cochran-Armitage test 0.011
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distribution for each set of experimental data.
The only assumption is that there has been
a randomized experimental design. All pos-
sible permutations of the experimental data
are then compiled, preserving the actual
group numbers and sizes. Then for each
permutation the statistic of interest is calcu-
lated. The most commonly used statistic,
and the easiest to understand, is the differ-
ence between two means. However, when
there are more than two groups, the F statis-
tic (or a simplified version of it) can be
calculated as for a one-way or two-way
analysis of variance. The values of the sta-
tistic associated with the permutations are
then placed in rank order. The P value is
calculated as all values of the selected sta-
tistic that are equal to or greater than that
observed. This is done for both tails of the

permutation distribution for a two-sided P,
and for one tail to obtain a one-sided P.

As will become clear, the number of
possible permutations increases steeply with
the number of groups and the group sizes.
Even with a very fast computer it may be
quite impractical to list all possible permu-
tations. In this case, a Monte Carlo pseudo-
random sample of all the possible permuta-
tions is taken, usually 10,000. The
calculation of P is then done on this Monte
Carlo sample (and confidence limits for P
can be provided).

There are several computer programs
for executing permutation tests, listed in
Section VI.

Two independent groups. How all pos-
sible permutations are compiled is illustrated
in Table 6. The formula for calculating the

Table 6
The Process of Exact Permutation for Two Independent or Two Related Groups

Two Independent Groups
Formula for calculating all possible permutations for two independent groups of size n1 and n2:

The 10 possible permutations for n1 = 2, n2 = 3. Observed values for n1 were A, B, and for n2 were C, D, E.

A C A B A B A B B A
B D C D D C E C C D
E E E D E

B A B A C A C A D A
D C E C D B E B E B
E D E D C

Two Related Groups (Matched Pairs)
Formula for calculating all possible permutations of two related groups of size n is 2n.

The 8 possible permutations for group size n. Observed values for the pairs were A1 & A2, B1 & B2, C1
& C2.

A1 A2 A2 A1 A1 A2 A1 A2
B1 B2 B1 B2 B2 B1 B1 B2
C1 C2 C1 C2 C1 C2 C2 C1

A2 A1 A2 A1 A1 A2 A2 A1
B2 B1 B1 B2 B2 B1 B2 B1
C1 C2 C2 C1 C2 C1 C2 C1

( )!

( )!( )!

n n

n n

1 2

1 2

+
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number of possible permutations is (n1 +
n2)!/(n1)!(n2)! where n1 and n2 are the group
sizes, and ! indicates factorial. The rate of
increase of permutations increases steeply
with group size (Table 7), so that with groups
larger than about 12, the Monte Carlo ap-
proach described above has to be used. The
exact permutation distribution for the dif-
ference between two independent means is
displayed in Figure 1. It should be noted
that its bimodal appearance is very different
from that of the t distribution.

Two related groups (matched pairs). How
all possible permutations are compiled is
shown in Table 6. The formula for the num-
ber of possible permutations is 2n. The rate of
increase with group size is much less than
that for two independent groups (Table 7).

Rank permutation tests. Wilcoxon de-
scribed these in 1945,29 and Mann and
Whitney described exactly equivalent tests
in 194730 producing the Wilcoxon signed
rank-sum test for matched pairs and the
Wilcoxon-Mann-Whitney test for two inde-
pendent groups. Wilcoxon made it clear that
he strongly supported Fisher’s idea of per-
mutation tests,29 but in 1945 there were no
computers with which to execute them, so
they were altogether impractical. He recog-
nized that if ranks were substituted for con-
tinuous variables, the computational prob-
lem was much simplified. The number of
possible permutations remained the same,
but the number of values assumed by the
test statistic was very much smaller. How-

ever, it is the author’s view that the rank
permutation tests should no longer be used.
The arguments in support of this view are
given in Ludbrook and Dudley6 and
Bergmann et al.5 Perhaps the strongest ar-
gument is that these are tests for differences
in mean ranks, and under the ranking sys-
tem used, this does not coincide with differ-
ences between medians (though this is a
common misapprehension).

Permutation tests for multiple random-
ized groups. These correspond to one-way
or two-way analysis of variance (ANOVA).
The principle of the test is very similar to
that for two groups, except that the statistic
of interest is the F statistic (or, rather, a
simplified version of it).

Eden and Yates were the first to de-
scribe a statistic equivalent to F,3 and
Edgington gives a simple explanation of
this.15 The equivalent test statistic is:

where T is the sum of all values in a particu-
lar group, n the group size. T2/n is summed
across all groups under consideration, for
each permutation of group values. If all
groups are of the same size, the expression
can be reduced to:

These statistics are equivalent to F in
the sense that across all the permutations,

Table 7
Number of Possible Permutations for Two Independent or Two Related Groups

Two Independent Groups Two Related Groups (Matched Pairs)
Size: n1 = n2 = Permutations Size: n = Permutations

5 252  5 32
10 184,756 10 1,024
15 155,117,520 15 32,768

Note: Number of permutations calculated from the following formulae. Two independent groups:
(n1 + n2)!/(n1)!(n2)!, where ! indicates factorial. Two related groups (matched pairs): 2n.

( / )T ni i
2∑

( )Ti
2∑
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the rank order of ∑(Ti
2/ni)  is identical to that

of F. Obviously, the equivalent test statistic
requires much less computation than F.

There are no problems with executing
an exact or Monte Carlo version of one-way
ANOVA. However, two-way ANOVA and
factorial analysis by permutation present
some problems. The main effects can be
extracted without difficulty. But more often
than not, investigators use interactions within
two-way ANOVA to test their main hy-
pothesis. Interactions do present a problem
of execution by permutation. There is no
consensus about the best way to go about
extracting these,15,26-28 and the outcomes
using different techniques can be very dif-
ferent. Repeated measures ANOVA, com-
monly used in biomedical laboratory re-
search, seem to have no corresponding
permutation version, especially for within-
group interactions.31 This is scarcely sur-
prising, since measurements made serially
cannot be regarded as randomized. How-
ever, there may be no cause for despair. I
know of no study that proves the case, but
it is my strong impression from analyzing
experimental data that the greater the num-
ber of randomized groups, regardless of their
size, the less the advantage of permutation
tests compared with classical F tests.

The use of permutation is not confined to
comparing two or more group means. For
instance, it can be used to test for equality of
group variances. Its use in many other ex-
perimental designs has been described, such
as for regression and correlation, time series,
spatial analysis, repeated measures analysis,
multivariate analyses, and clinical experi-
ments of the n = 1 type.15,26 However, the
experiments used as examples for the above
applications do not always fulfill the require-
ment of a randomized design. In the author’s
opinion, if this should be the case, then per-
mutation techniques should not be used.

Summary. The following points can be
made about the use of permutation (ran-
domization) tests:

1. These should be used only when the
experiment is a prospective one in
which there has been genuine random-
ization of the experimental units (hu-
mans, animals, tissues, cells) to “treat-
ment” groups.

2. If the circumstances are as above, and
randomization has been to only two
“treatments,” a very strong and al-
most irrefutable case can be made for
never using Student’s t test, but only
using a permutation test for equality

FIGURE 1. Frequency-histogram of the exact permutation distribution for the difference between
two independent means. Values for group A: 20, 10, 9, 8, 6. Values for group B: 7, 5, 4, 3. There
are 126 possible permutations. ■  the 6 permutations for which the difference between means
equals or exceeds, in either direction, the observed value of 5.85, so that two-sided P = 6/126 =
0.048. � observed value. From Ludbrook41 with kind permission of Blackwell Science Asia.
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of means (independent groups or
matched pairs).

3. If the experimental design is one of
randomization, then the best test for
equality of variances is a permutation
test.

4. The case for a permutation test is
weaker if there are more than two ran-
domized experimental groups, and the
design corresponds to two-way or
multiway analysis of variance or fac-
torial analysis. There are two reasons
for this view: (a) More often than not
investigators are interested chiefly in
interactions, such as a dose × treat-
ment interaction when doses are given
in random order and treatments are,
for instance, exposure to one or more
antagonists and a control. It is not at all
clear what the best approach is for test-
ing interactions by permutation. (b)
There is little or no empirical evidence
that, in complex designs such as these,
permutation analysis provides greater
accuracy in hypothesis-testing than
conventional forms of analysis of vari-
ance. In other words, the greater the
number of experimental groups and
the greater the degrees of freedom at-
tached to the Residual Mean Square in
ANOVA, the closer the outcomes. This
is especially so if the investigators (as
they always should) incorporate an
analysis of residuals into their analy-
ses of variance and, if indicated, un-
dertake data transformation or weight-
ing.32

5. There seems to be no case at all for
using permutation techniques to ana-
lyze data that have been acquired nei-
ther by randomization nor by random
sampling. A very obvious example is
when serial observations have been
made in time, dose, or space when
conventional repeated-measures analy-
sis of variance would be used with

appropriate correction for serial
autocorrelation.31

V. MONTE CARLO METHODS

The term “Monte Carlo” originates from
the gaming tables of Monaco. It refers to
repeated random sampling of mathemati-
cally defined populations, with replacement.
Thus, repeated tosses of a coin, repeated
throws of a die, or repeated spins of a rou-
lette wheel are forms of repeated random
sampling with replacement, in which the
sample size is 1. If one wishes to make
inferences from Monte Carlo random sam-
pling, they would clearly be under the popu-
lation model of inference (see Section II).

If Monte Carlo random sampling is ap-
plied to the results of biomedical experi-
ments, it is likely that the sample size will
be a good deal greater than 1. However, in
other respects, the situation is not dissimilar
to that of the games of chance referred to
above:

1. The mathematical form of the parent
population is known or postulated by
the investigators.

2. The biological population is large com-
pared with the sample size(s).

3. The experimental design involves
genuine random sampling of the bio-
logical population.

Usually, hypothesis-testing or the con-
struction of confidence intervals would be
undertaken by parametric tests, for instance,
those in which the t or F statistics are em-
ployed to analyze continuous data sampled
from a population that is regarded as con-
forming to the normal distribution. So how
can Monte Carlo methods be applied use-
fully in biomedical work?
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A better question is how Monte Carlo
methods have been applied. A search of
Medline for the keyword “Monte Carlo”
over the two-year period 1998–99 resulted
in nearly 1000 references. Most of these
referred to organ imaging via nuclear medi-
cine techniques, computerized tomography
(CT), magnetic resonance (MR) imaging,
and positron emission tomography (PET).
Many were concerned with radiotherapy. A
smaller number were in the field of genet-
ics. There were some concerned with clini-
cal trials, but only a handful dealt with phar-
macology, mostly pharmacokinetics. An
exception was the paper by Christopoulos.33

A. Parametric Applications of
Monte Carlo Methods

Monte Carlo simulation studies. One of
the most common applications of Monte
Carlo methods is in simulation studies.34

These have been used extensively in the
computer era to decide how accurate con-
ventional tests such as t and F tests are when
the randomly sampled population is not
normal, or when the populations sampled

have different variances, or both.6 This pro-
cess can be most easily explained if, for
instance, the accuracy of 95% confidence
intervals (95% CI) for a population mean
are estimated by the conventional method
of using the t statistic. It is illustrated in
Table 8.

There is nothing magical about the fig-
ure 1000 for the number of Monte Carlo
random samples (Table 8), though this is
commonly used. Nor is there anything magi-
cal in repeating the process 1000 times
(Table 8), though this, too, is a common
choice. The accuracy of using the t statistic
to estimate the 95% CI from a single sample
can then be compared with the mean value
from Monte Carlo sampling (and its 95%
range). It should be apparent that the Monte
Carlo method is precisely the theoretical
process that underlies inferences made un-
der the population model (see Section II).
The process illustrated in Table 8 can be
repeated with different sample sizes (for
instance, n = 10, 20, or 30). In the context of
testing the “robustness” of 95% CIs for the
population mean estimated by using the t
statistic, populations with different math-
ematically defined frequency distributions
can be sampled. These might be, for in-

Table 8
Flow Chart to Demonstrate the Process of Monte Carlo Simulation, to Test the Accuracy
of Parametric t-Statistic-Based 95% Confidence Intervals (CI)

Take a mathematically definced population distribution
� �

Take random sample Take 1000 Monte Carlo random
of size n samples of size n

� �
Use t statistic to calculate 95% CI for Arrange means of 1000 samples in rank
population mean order and declare the 95% CI for population

to be the 25th and 975th ranked values
�

Repeat this step, say, 1000 times
�

See whether the t-statistic-based CI lies within 95% confidence limits for the CI
ascertained by Monte Carlo random sampling

Note: The process can be repeated with a variety of mathematically defined frequency distributions
and with a range of sample sizes.
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stance, distributions such as the normal, log-
normal, Cauchy, beta, triangular, and so forth
(see Reference 35 for definitions and illus-
trations). At the end of the simulation study,
it should be possible to reach conclusions
about the accuracy of the t statistic tech-
nique under different forms of nonnormality
and different size samples. If the population
distribution is genuinely normal, the t statis-
tic approach is not likely to be subject to
systematic error. Conversely, other popula-
tion distributions and other patterns of
sample size or variance may be associated
with systematic errors in the estimation of
the 95% CI.

The example given above is a rather
trivial one, but Monte Carlo simulation stud-
ies with which the author is familiar have
been used to test the accuracy and power of
hypothesis-testing by classical t tests and
analysis of variance (ANOVA),6 the rela-
tive accuracy of different corrections for
autocorrelation in repeated-measures
ANOVA,31 and the accuracy of control of
the familywise Type I error rate by a wide
variety of multiple comparison procedures.36

From these simulations, it has been possible
to make certain generalizations. For instance,
the independent-sample t test is relatively
robust against nonnormality of the popula-
tion, but is very sensitive to inequality of
population variance, in the direction that if
the smaller sample comes from the popula-
tion with the greater variance, the Type I
error rate is inflated; whereas if the con-
verse is the case, the statistical inferences
are too conservative and the Type II error
rate is inflated. Monte Carlo simulations
have also been used to test the accuracy of
bootstrapping (see below).

I have glossed over just how Monte
Carlo random sampling is done, but it is
described in relatively simple terms by
Morgan.34 For those in the know, it is a
relatively simple matter to write computer
programs (or to use programs written by

others) to undertake the process described
above.

Hypothesis-testing by Monte Carlo
methods. It should be clear from the flow-
chart given in Table 8, that all parametric
tests of significance could be replaced by
Monte Carlo tests. That is, if investigators
must postulate that their biological popula-
tions conform to the normal distribution and
would usually use the t or F statistic to test
hypotheses, then multiple (Monte Carlo)
random sampling of the theoretical normal
distribution could be used to test the hy-
potheses, and this approach would be en-
tirely in line with the theory of the popula-
tion model of inference. However, this would
be like using a piledriver to crack a nut. Not
only would the process be highly computer-
intensive, but ultimately its validity depends
on knowledge of the frequency distribution
of the biological population. This is impos-
sible to discover, except by studying mul-
tiple random samples from that population.
Furthermore, it requires that the biological
population has been randomly sampled, a
condition that is excessively rare in prac-
tice.6 Nevertheless, the Monte Carlo ap-
proach has been supported both by biostat-
isticians and by pharmacologists. For
instance, Manly gives examples of applying
the method to the spatial distribution of
plants and to mandible length in jackals.26

Concato and Feinstein indicate applications
in clinical research.37 More immediately rel-
evant, Christopoulos has applied the method
to the analysis of ligand-receptor interac-
tions.33

Nonparametric applications of Monte
Carlo methods. One of the few revolutionary
ideas in statistics in the computer era (post-
1950) was the notion of bootstrapping intro-
duced by Efron in 1979.4 The word
“bootstrapping” originates from one of the
extravagent tales of Baron Munchausen, in
which the hero extricates himself from a per-
ilous situation by pulling himself up by his
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bootstraps. Bootstrapping has more or less
eclipsed an earlier application of Monte Carlo
methods known as “jacknifing,” because of
the greater generalizability of the former.

A Medline search for 1998–99 turned
up only 46 articles in which bootstrapping
was used. Only two of these were in the
field of pharmacology. An earlier paper by
Lew and Angus used bootstrapping in the
context of nonlinear regression.38

The concept that underlies bootstrapping
is relatively simple. It will be recalled that,
under the population model of inference
(Section II), repeated, relatively small, ran-
dom samples taken with replacement from
a defined population allow the distribution
of that population to be accurately con-
structed. However, biomedical populations
are rarely, if ever accessible and so cannot
be repeatedly randomly sampled. Efron pro-
posed that if the actual, experimental, ran-
dom sample were repeatedly randomly
sampled with replacement, then an reason-
ably close approximation of the population
distribution could be deduced.4 Authorita-
tive accounts of bootstrapping are given by
Efron,4 Efron and Tibshirani,39 Mooney and
Duval,40 Manly,26 and an elementary account
by Ludbrook.41

The main thrust of Efron’s proposal was
to be able to construct bootstrap standard
errors and confidence intervals without hav-
ing to make assumptions about the popula-
tion distribution. The simplest way of doing
this is to compile, say, 1000 resamples of
the original sample by random sampling
with replacement. These are then placed in
rank order in terms of the statistic of inter-
est, for instance the mean, or the difference
between two means. This is the so-called
bootstrap percentile method. In Table 9 an
example is given of the first 10 out of 1000
resamples of a set of data, and Figure 2
shows the bootstrap frequency distribution
of the difference between two means for the
same set of data as for Figure 1. It should be
noted that there is no more than a hint of the
bimodality that is evident in the permuta-
tion distribution of Figure 1. However, it is
now clear on theoretical grounds and as a
result of Monte Carlo simulation studies
that there can be serious errors in confi-
dence intervals constructed in this way from
small samples (see Reference 41). There
may be bias, in that the bootstrap statistic
does not correspond to the population pa-
rameter (for instance, mean or difference
between means). More importantly, the con-

Table 9
The Process of Bootstrap Resampling for Two Independent Samples

For the actual experimental samples, the values were A, B, C, D, E and F, G, H, I, respectively.
The values in the first 10 bootstrap random resamples were as below.

C H B G D H E G E F
C G D G B F D G C F
B H D G B F B H B H
E H E F A F C I D I
D A A D E
E G A G E H A G C I
A I B I A G A H C I
B I C F E G A F E F
C H E F C F D H A I
E D C A A

Note: Because bootstrap resampling is done with replacement, the same values can appear more than
once in each group. This is in contrast to compiling permutations (Table 6.6), where random
resampling is done without replacement.
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fidence interval is likely to be too narrow.
Several ways of overcoming these deficien-
cies have been proposed. These include the
percentile-t method,39,42 and the bias-cor-
rected and accelerated (BCa) method.39 The
BCa method is more widely applicable, but
the percentile-t method is much simpler to
execute (see Reference 41). Several other
much more complex techniques for improv-
ing the accuracy of bootstrap resampling
have been proposed. These include balanced
random sampling,39 double-bootstrapping,40

and applicable only to very small samples,
complete enumeration of all possible boot-
strap resamples.44 These proposals have yet
to be fully evaluated.

Bootstrapping can also be used for hy-
pothesis testing. In its crudest form, for test-
ing for equality of population means, the
bootstrap distribution is used in much the
same sort of way as the permutation distri-
bution (see Section IV). That is, the boot-
strap differences between means (say 1000)
are placed in rank order, and P is calculated
as:

However, this simple approach is sus-
ceptible to serious errors, especially when
the original samples are small. Several solu-

tions to this have been proposed, including
the use of t- or F-like statistics,41 but none is
entirely convincing. In particular, a simula-
tion study suggests that if samples are small
(15 to 25) the percentile-t method is associ-
ated with an inflated risk of Type 1 error.43

The percentile-t bootstrap distribution for
the dataset of Figures 1 and 2 is shown in
Figure 3. It should be noted that it resembles
the permutation distribution of Figure 1 in
being bimodal.

Summary. The folllowing points can be
made about Monte Carlo methods:

1. Strictly, these are applicable only to
experimental situations in which genu-
ine random samples are taken from
defined populations. This is uncom-
mon in biomedical research.

2. Monte Carlo simulation studies have
played an important part in defining
the conditions under which parametric
or nonparametric methods for hypoth-
esis testing are accurate (or, more im-
portantly, when they are potentially
inaccurate).

3. Parametric Monte Carlo methods for
testing hypotheses suffer much the
same defects as more traditional meth-
ods. That is, both depend on assump-
tions about random sampling, and

FIGURE 2. Frequency-histogram of the percentile bootstrap distribution for the difference between
two independent means, based on 1000 resamples. Observed values as in Figure 1. Observed
difference between means 5.85. � indicate 95% bootstrap percentile confidence limits. From
Ludbrook41 with kind permission of Blackwell Science Asia.
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about the frequency distributions of
the populations that have been ran-
domly sampled.

4. Nonparametric Monte Carlo methods
in general, and bootstrapping in par-
ticular, can be grossly inaccurate in
estimating the dispersion of popula-
tions and in testing hypotheses when
the experimental sample sizes are
small. “Small” appears to refer to
samples of less than 30.

VI. PROGRAMS FOR
COMPUTER-INTENSIVE TESTS

This should not be regarded as a com-
prehensive list, since it includes only pro-
grams of which the author is aware.

A. Categorical Data

A very comprehensive set of rou-
tines is found in StatXact (Cytel Soft-
ware Corporation, Cambridge, MA).
Some of these same routines are included
as special modules in SPSS (SPSS Inc.,

Chicago) and SAS (SAS Institute Inc.,
Cary, NC).

B. Permutation Tests

DOS routines are provided by Edgington
in his book.15 Manly has a set of routines in
the low-cost DOS program RT, described in
his book,26 and available from the Centre for
Applications of Statistics and Mathematics,
University of Otago, P.O. Box 56, Dunedin,
New Zealand. The commercial program
StatXact (Cytel Software Corporation, Cam-
bridge, MA) has powerful routines for per-
mutation tests on continuous and ranked
data on a Windows platform.

C. Monte Carlo Methods

Routines for Monte Carlo simulations
are usually written by the authors of the
papers in which the results are described.

Routines for bootstrapping are described
by the authors of several monographs.39,40,45

They can also be constructed by those who
are adept at using statistics programming

FIGURE 3. Frequency-histogram of the percentile-t bootstrap distribution for the difference be-
tween two independent means, based on 1000 resamples. Observed values as in Figure 1.
Observed difference between means 5.85. � indicate 95% bootstrap percentile-t confidence limits.
Note the difference between this frequency-histogram of the percentile-t bootstrap distribution and
that of the percentile distribution in Figure 2. From Ludbrook41 with kind permission of Blackwell
Science Asia.
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languages such as S-PLUS (MathSoft Inc.,
Seattle, see Reference 44) and SAS (SAS
Institute Inc., Cary, NC), and those who are
adept at writing macros in programs such as
Minitab (Minitab, State College, PA). There
are some built-in routines in the most recent
version of SYSTAT (SPSS Inc., Chicago).
However, the occasional bootstrapper (like
the author) is advised to use a spreadsheet.
These carry out random resampling with
replacement with impressive speed.
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